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Abstract

We explore the use of power series in solving generic polynomial differential equations in
four-dimensional space, employing the Caputo fractional derivative. As is widely recognized,
power series transform a continuous formulation into a discrete system of difference
equations, which can be efficiently solved through recursive methods. The key contribution
of this work lies in rigorously proving the convergence of these series in a neighborhood of
the initial point. The theory of four-dimensional functions is the new method in mathematics
and due to this is scantily explored.
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APOBHAA NPOU3BOAOHAA MHOIO4YJIEHOB B MNPOCTPAHCTBE
YETBIPEXMEPHbLIX YNCEN

YonrmoH AbmynnaeBal, Avirepum PaxbiMoBa?
'KbIproI3cko-Y36eKCKMii MEXIyHApOAHbIM YHUBepcuTeT UM. b. ChiabikoBa, Otil, KbIprbi3cTaH
2EBpa3suiicKuit HalMoOHa/IbHBIN YyHUBepcuTeT M. JI.H. 'ymuiésa, Actana, Kazaxcran

AnHoTauusa

MbI MccienyeM MUCIOIb30BaHMe CTeIIeHHbBIX PSIIOB [JIS1 pellieHys 00X MOTMHOMUATbHBIX
nuddepeHIMaNbHbIX YPaBHEHMII B YETHIPEXMEPHOM ITPOCTPAHCTBE, MCIIONb3YSI APOOHYIO
npon3BoaHYyIo KamyTo. Kak m1poko n3BeCcTHO, CTelleHHbIe PsIibl Ipeo6pa3yioT HellpepbIBHYIO
(GOopMYIMPOBKY B IMCKPETHYIO CUCTEMY Pa3HOCTHBIX YpPaBHEHMII, KOTOpasi MOXKET ObIThb
3(deKTUBHO pellleHa C TTOMOIIbI0 PeKYPCUBHBIX MeTOHOoB. KitoueBoit BKkiaf, 3TOi paboThl
3aK/IIOYAETCS B CTPOTOM JI0Ka3aTeIbCTBE CXOAMMOCTH STUX PSIIOB B OKPECTHOCTU HaYa/IbHOM
ToukKu. Teopusi yeTbIpeXMepHbIX (DYHKIMIT SIBJSETCS HOBBIM METOAOM B MaTeMaTHUKe U
M03TOMY MaJIo M3yJyeHa.

KnroueBsble c1oBa: yeTbIpexMepHOe MPOCTPAHCTBO, CTeNIeHHbIe PsIZibl, CXOOMMOCTD, PaAnyC
CXOIVIMOCTHU
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Introduction

The study of power series has long been a cornerstone of mathematical analysis, enabling
us to represent a wide range of functions as infinite sums of terms. In 2015 it was possible
to describe the initial chapters of this theory by Kazakh researcher M.M.Abenov [1-2]. The
discovery of the spectral theory made it possible to systematize the available results and obtain
new information about theory of four-dimensional variables and solved three dimensional
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problems analytically [2-3]. Full substantiated analysis of this theory was published by Abenov
M. (Al-Farabi Kazakh National University). While developing this theory, Abenov M.M. and
Gabbasov M.B. found all four-dimensional Abenov spaces with commutative multiplication,
which were assigned the designations M2-M7, and it became necessary to study these spaces.
In this paper we performed a research in Abenov space of four-dimensional numbers M3 [4-
5].

The theory of four-dimensional functions is based on the principles of commonality of its
key concepts with similar categories of one-dimensional and two-dimensional analysis
[2]. This approach is justified by the fact that linear spaces of one-dimensional and two-
dimensional numbers can initially be considered as eigenspaces of a more general space of
four-dimensional numbers.

This leads to the study of these one-dimensional, two-dimensional and four-dimensional
numbers as elements of a triune system, which allows to uniformly define key concepts in the
theory of these numbers (for example, arithmetic operations on the set of these numbers)
[2-5]. Note that a similar approach was previously used by the physicist W. Hamilton
when he constructed the quaternion algebra. He defined a non-commutative operation of
multiplication of elements, which allowed avoiding zero divisors [2].

Traditionally, power series have been extensively studied in the context of real and complex
numbers. However, with the advent of higher-dimensional mathematics, the extension of
power series to four-dimensional numbers presents intriguing possibilities.

Let consider a linear space
R*={X=|x|:x, ER k=14

where the addition and multiplication by scalar is defined like in usual Euclidean space R*.

Let consider a polynomial

ny nz ng

Ny
p(X) = Z Z Z Z ba1a2a3a4xflx;{2x§(3xf4

a1=0 a2:0 a3:0 (Z4_:0

. .. — a — ,%1,Q2 Qa3 04 L.
By using the a multi index ¢ = (@1, @z, a3,4), X% = X;"%,°X3°%," we can write it as follows
n

PO = ) beX®
|a|=0

where we use notationla| = a; + a; + az +agandn =n; +n, + n3 +n,

For example, when n = 2 we have
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a 2
baX® = boooo + b1000%1 + bo100X2 + Poo10X3 + Pooo1Xs + b2oooXi + b1100X1%2
la|=0

2 2
+ b1910X1X3 + b1001X1X4 + bo200X3 + Do110X2X3 + Do101X2X4 + boo20X3

2
+ boo11X3X4 + booo2Xa

Let X, Y ¢ R*. We define the product of these numbers as follows:

/MH (}’1W /x1)’1 — X2Y2 T X3Y3 — x4)’4w
X-Y=|X2|-| Y2 |=]X2y1+X1Y2 + X33+ X3Y,
\x3/ \3’3/ \x3y1 — XYz + X1Y3 — x2y4/
X4 Va X4Y1 T X3Y2 + X2¥3 + X1Ya

Such defined the product of two four dimensional numbers satisfy the properties of
commutativity and associativity over addition. The module of the four dimensional number
is defined by the following formula

|X] = \/[(x1 —x3)2 + (x3 — x4)%] - [(x1 + x3)% + (x5 + x4)?]

Power series of four-dimensional numbers

We denote by A, a spectrum of the X e R*:

where
A =% —x3+ (X3 —x4) -
Ay =21 —x3— (X3 — x4) -
/13=x1+x3+(x2+x4)'
/12=x1+x3—(x2+X4)'

~ L L e~

We define the spectral norm of the X ¢ R* as

4
1
IXlla =7 ) 1l
k=1

The open ball centered at X € R* with the radius r > 0, is defined by the following:
B(Xp,r) = {X € R*: |IX — Xollp <7},

Let define a power series in R*:

[ee) o]

p(X) = Z - (XK = ch . xak

=0 k=0 (2)
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Where c, are four dimensional constants, and X is a four-dimensional variable. Now we define
the powers of the polynomials:

p*(X) = i (i Cka—k) - Xam

m=0 \k=0
=S [3 (Se)on
n=0 Lm=0 \k=

0

. yan
b

In general case we have

ny

g na n3
A — an
p (X) = E E § E CniCny—ny | Cng—ny..Cny—ny_q |- X

n,1=0 nl_1=0 712:0 n1=0

By using the notation

@A(Co, Cl' ey Cn) =

n;

ny ns3
E Z § Cnlcnz—nl Cn3—n2....cnl—n,1_1

nl_1=0 Tl2=0 Tl1=0

we have

pA(X) = Z G)A(COJ ) ...,Cn) S Xon
n=0

We define fractional differentiation of powers
F'y+1)

DXy = ——— XV "%y > —1,
'y—a+1) 14

The power series (2) is differentiated, term by terms as follows

- M((k+Da+1)

DaP(X) = ;}Ck : Da(Xak) =kZ=OCk+1 : F(ka + 1) (3)

When the power series (2) is convergent in the interval [0, [), then the power series for
fractional derivative (3) also converges for [0, I).

Theorem
There exists a non-negative real number € > 0, such that the power series (2) and (3) converges
for all X € B(0,¢).
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